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^ Abstract. Kummer's conjecture states that the relative class number of 

the p-th cyclotomic field follows a strict asymptotic law. Granville has 
shown it unlikely to be true - it cannot be true if we assume the truth 
of two other widely believed conjectures. We establish a new bound for 
the error term in Kummer's conjecture, and more precisely we prove 

^ ; that log(/i-) = £±2 log(p) + f log(2^) + log(l -P) + 0(log2p), where P 

■^^ • is a possible Siegel zero of an L{s,x), X odd. 
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•^ 1. Introduction 



Let hp denote the class number of Q(Cp), where p is an odd prime. If we 
denote by /li" the class number of the totally real field Q(Cp + CjT^)' then it is 
well known that hf divides hp. We denote the quotient — or so called first 
factor of hp — hy h~ . The following formula is an application of the class 
number formula(see e.g. [TU] ) 



p-i 



v=2p(i^)^ n ^(I'X)- (1-1) 

X mod p,odd 

Since the magnitude of the L(l, x) is not evident, it is hoped they are insignif- 
icant. The guess that h~ is asymptotically equivalent to 2p(^)^ =: G{p) 
is known as Kummer's Conjecture. While this seems very strict, and does 
not agree with the Hardy-Littlewood and Elliot-Halberstam conjecture [2j, 
we show in this paper that the contribution of the L(l, x) is modest: the log- 
arithm cannot exceed log2(p), plus a term if a Siegel- zero would be present 
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amongst the L(s, x)- It is opportune to study the logarithm of this equation 
because the orthogonahty property of characters give us 

E iog(i^(^,x)) = ^( E ^~ E ;^]-(i-2) 

X mod p, odd \g'"=l(p) g'" = — l(p) / 

One can estimate this sum to the right of s = 1, where good estimates are 
available, and using a (near) zero-free region of the L-functions, one can 
bound the derivative in a neighbourhood of s = 1. Masley and Montgomery 
[7 obtained with these key ingredients that \\og{h~ /G{p))\ < 7\og{p) for 
p > 200, which is strong enough to solve the class number one problem for cy- 
clotomic fields. Puchta [9 improved this approach by using analogous bounds 
on higher derivatives, obtaining \og{hp /G{p)) — log(l — /3) + 0((log2(p))^). 
Our proof will follow the main ideas from [9, , but our practical implementa- 
tion in section His of a different nature, and yields 

Theorem 1.1. | log{h-/Gip)) - log(l - /3)| < 4.1688 log2(p) + 0(1) 

Since log(l — /3) is negative, an upper bound without this term may be de- 
duced. Finally, we note that this result sharpens the best known estimate, by 
Lepisto [5]- Indeed, he proves an upper bound for log{hp /G{p)) with main 
term 51og2(p). 



2. Bounds to the right of s = 1 



In this section we exploit formula (|1.2p , which gives a representation in terms 
of splitting behaviour in Q(Cp)/Q- We define Il{x,p,a) as the number of 
primepowers congruent to a mod p and smaller than x, where we weigh the 
m-th powers with a factor 1/m. A Brun-Titschmarsh style bound is given by 
the following lemma, proven in [H]. 

Lemma 2.1. For x > p, we have that 

2x 



Uix,p,±l)< 



{p - 1) log{x/p) 
We define /(s) by 



fis)={ V logL{s,x)\-log{s-f3), 




in case that any of the L-functions with x odd has a so-called Siegel zero 
/3 in ]1 — -^p^^ — ,1], where c is some fixed big enough constant. Otherwise, 
we leave out the term with the Siegel zero. In any case / is holomorphic 
in -6(1, ,^, N ). It is worth mentioning that ii p = 1 mod 4, no Siegel zero 
occurs. 
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Lemma 2.2. For a g]1, 1 + , "';, A , we have the following estimates. 

|/(a)|<21og(-l^) + ^ (2.1) 

l/V)l<(2+ ^ + ^°^^t+^"^-^^^ )(^ (2.2) 

l/^^H.)l<(l + ^ + c„.)^ (2.3) 

We may pick the Cp^^ to be equal to -^j^ + ^^^°^.^llt%f^^^ + J^/^T^T^- 

Proof. The case v = can be proven as in [7]. The estimates for the deriva- 
tives are stated in P, but the statement is slightly incorrect and the proof 
omitted, so we will prove them here in full. We bound the sums occurring in 
the j/-th derivative of (II. 2p using Lemma 2.1 and partial summation. 

P-I V- (mlog(g))'- ^ p-J_ r°° log{xrdinix,p,l)) 
2 ^ mo™'^ 2 L„ x-^ 



9" = 1(P) 



2p 



p-\ ("^ ax''-^\o%{xY -vx''-^\og(xy-^ ^, 

II(a;,p, l)ax 



< / ^}^^^M.dx 



^w r {\og{x)+\og{p)Y ^^ 



2p X'^\0g{x/p) 

p" J2 X'' log(a;) 

where we possibly omitted the first term 2m('°+i')'^ if p+1 is a primepower 
g™. If this is the case, then q = 2 and m = log(p + l)/log(2). This term is 
smaller than £1 (^Ziy for all a in the desired range for £1 = 2c"ft/-i)!io ( ) • 
We expand the integrand with the binomial theorem, and consider first the 
term 



'log(2) 



e -(^-1)* 



P'' J2 a;'^log(a;) p" Ji, 

<P^log^{p)(f \dt+ Te-' 

P \J(cr-l)log(2) ^ Jl 



< log''(p) ( log(^3Y) " ^°^2(2) + e-i 
Because pa < p"^ . We now seek the £2 such that 

log'^(p) flog(^) - log2(2) + e-i) < £2-^"^ " ^^■ 



If we put £2 = i°g2(p)+i°g(g-i°g2(2)+e-^ ^ ^j^g inequality holds for for a -^ 1 
and for (7 = 1 + ^j^"'", ^ . One may check that the derivative of the difference 
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does not have a zero in the interval under consideration if p > e^ . Thus the 
difference is monotone, and the inequahty holds throughout. 



We are left with ££ ^J'-^^ ^-J^ log^p) (/^ '°^ ,. ^"^ rfxj. We first 
estimate the integrals 



iog(2) e^ ^ 

1 



i"e-'di < 



so the rest of the terms can be estimated by 

We split the sum in the range i < [y/i^\ and the others. We remove the 
burden of the floor signs from the notation and we will henceforth consider 
them present implicitly. The first part is smaller than 

-7 ((^ - 1) log(p)) ^ 



p-{<r-iri^Ai^-^/^W-' "'"'' u-^{a-l) 



4 = 



('^"1)! 



This gives the main contribution ear — tttt, where e^ = — ^^(f 
The second part is smaller than 

pail. - 1)! t.(a - f ) v^ log(p) v^ ,^ {{a - 1) log(p))* 



;log(p)' 



criiy-iy. V 



and thus smaller than £4 r^iL , where £4 = J^'^ ^ . One may now bound 

the £1 + ... + £4 by the coefficient of i'^_ill minus one in the statement of the 
lemma. We note that the sum over the primepowers congruent to —1 mod 
p obeys the same bound with the same proof as above. One of the sums is 
strictly positive and the other is strictly negative, thus we have proven that 

ir (.) + (log(a - P)t^ I < {^^ + c,,,) ti)l, 
or smce ■} — aku < 7 — tttt, 

ir(^)i<(i + ^+^..)^- 

The term ^_'^^ should be avoided when z^ = 1. In this case, we do not split 
up the sum at ^/l' as it contains only one term, and one easily obtains the 
statement of the theorem. D 
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3. Bounds around s = 1 

In this section we state the upper bounds on /'■''■' (s) that one obtains by 
bounding the iy- functions individually and then using the Borel-Caratheodory 
lemma. The following lemma is proven in 0. 

Lemma 3.1. We have that 

|/M(s)|<c>log"^+i(p)j.! (3.1) 

for s in the union of the discs B{(j, 2cio -( ) )''-'' — ^■ 

4. Worst case scenario 

Among all functions that satisfy the bounds from the preceding section, what 
is the largest value /(I) can attain? We define ai, to be the point where the 
bounds (12.31) and the absolute bound (13.11) coincide. We note that 



ciog(p) y i^p\og{p) 

Theorem 4.1. For all p > 200, 

|/(l)|<(3 + ei/-)log2(p) + 0(l), 
where the 0{l)-term is hounded by (1 + ei/'=)log(c) + e^/^^ + 6.42 + ^ + 

Eoo 1 

*=2 (Vi)!c^^ 

Proof. We use the Taylor expansion of / with errorterm in integral form, 

/(I) = /K) + (1 - 'M'M + fi^2^ /™K) + ■^ 

Now note that |/'^'^^(x)| < \f^''H'^i^)\ fo^' ^^ ^ between 1 and cr^, and we get 

1/(1)1 < l/K)| + ^ ^^^^-i^|/«K)l- 

By (|4.1I) . the first term is smaller than 
|/(c7.)|<21og(^-) + | 

^^ + 21og,(,)+21og(c) + 2^"g(-^^"g(^))-2^°^^^ + ^ + ^-\ 
2 V V 

The last term is strictly negative so we leave it out. Upon taking v = log(p), 
this first contribution is bounded by 

|/(a.)| < 21og2(p) +21og(c) + 1+^2^, 

2 log(p) 
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The rest of the terms, using (|2.2p and (|2.3p . cannot exceed 

g ^ l + log(c)+log2(p) ^ y^ ^ + 7371 + gp.» 
c ^ i ■ 

i=2 

We extract the contribution 2 + V" o i H ^, which is bounded by 

00 /T 

2 log(i/) + 27 + ^ -2 _ '3/2 < 2 log2 {P) + 27 + 3/2. 
The last part to estimate is the sum 

y./ l+l0g(c)+l0g,(p) \ ^ ^/ 2 ^ 1 \ 

^V c**! / ^V«log(p) (VI)!c^y' 

The first component can be bounded by 

(l + log(c)+log2b))(ei/^-l), 

and the second component gives °^cio ( ) — P^us the convergent series 
Sfc:2 r\\ Vi ■ Gathering everything and filhng in p ~ 200 for the terms 
converging to zero, we recover the statement of the theorem. 

D 

We note that due to Kadiri |4] we can take c = 6.4f . Plugging the above 
estimate of /(I) into the logarithm of the formula (|l.ip finishes off the proof 
of Theorem If .11 

Remark 4.2. From p.ip it is now clear that the general behaviour of h~ is 
dominated by 



""^p^-'^iM 



and that the L-values can perturb this term only slightly. It is somewhat 
common(see [3], [6]) to state upper bounds for h^ in this form, where 47r^ is 
replaced by a smaller constant C. E.g. Jakubec proves on the extra assump- 

tion whether 2 is a primitive root mod p, that h^ < 3.492p [-^j " , valid 
from p > 23. 

Corollary 4.3. We have that h' < 2p (^) ^ , for p > 6838. 

Proof. This follows from plugging in c = 6.41 in Theorem 4.1 and checking 
that 

1/(1)1 <^log( — ), 

when p > 6838. D 
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